In this paper we propose a relaxation scheme for solving discrete HJB equations based on scheme II [1] of Lions and Mercier. The convergence of the new scheme has been established. Numerical example shows that the scheme is efficient.
Introduction
Consider the following Hamilton-Jacobi-Bellman (HJB) where Ω is a bounded domain in , , 1, , ,
are elliptic operators of second order. Equation (1.1) is arising in stochastic control problems. See [2] and the references therein. Equation (1.1) can be discretized by finite difference method or finite element method. See [1] [3] and the references therein. Then we obtain the following discrete HJB equation:
{ } 2) is a system of nonsmooth nonlinear equations. Many numerical algorithms for solving (1.2) have been proposed. See [4] - [12] and the references therein.
[1] has given two iterative algorithms for solving (1.2) . At each iteration, a linear complementarity subproblem or a linear equation system subproblem is solved. See also [4] . Scheme I.
Step 1: Given 0, : 1, m ε > = for some j we find 0,k Scheme II.
Step 1: : 0, m = for some j we find
Step 2:
Step 3:
Step In this paper we propose, based on Scheme II above, a relaxation scheme with a parameter ω , which for 1 ω = is just Scheme II. In our numerical example, the new scheme with 0.8, 0.9 ω = is faster than Scheme II ( )
The monotone convergence of the new scheme has been proved.
New Scheme and Convergence
We propose a new scheme which is an extension of Scheme II. New Scheme II.
Step
Step 4: Compute
Step 5 Step 2. In [13] we proposed the following conditions for (1.2). Condition A * All the matrices ( )
In [13] we have proved the following theorem. Proof Since all ( )
First, we prove m U is decreasing monotonically, i.e.,
which combining with (2.1) and (2.2) yields
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By (2.4) we obtain ( ) 
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Then by (2.2) we obtain 
Numerical Example
We use example 2 in [4] , i.e., ( ) ( ) 
The discretization of the above second order derivatives are:
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